A misclassified size-biased Borel Distribution (MSBBD), where some of the observations corresponding to x = c + 1 are wrongly reported as x = c with probability α, is defined. Various estimation methods like the method of maximum likelihood (ML), method of moments, and the Bayes estimation for the parameters of the MSBB distribution are used. The performance of the estimators are studied using simulated bias and simulated risk. Simulation studies are carried out for different values of the parameters and sample size.
Introduction
The Borel distribution is a discrete probability distribution, arising in contexts including branching processes and queueing theory. If the number of offspring that an organism has is Poisson-distributed, and if the average number of offspring of each organism is no bigger than 1, then the descendants of each individual will ultimately become extinct. The number of descendants that an individual ultimately has in that situation is a random variable distributed according to a Borel distribution. Borel (1942) 
This distribution describes a distribution of the number of customers served before a queue vanishes under condition of a single queue with random arrival times (at constant rate) of customers and a constant time occupied in serving each customer. Gupta (1974) defined the Modified Power Series Distribution (MPSD) with probability function given by
where a(x) > 0, T is a subset of the set of non-negative integers, g(θ) and f(θ) are positive, finite, and differentiable, and θ is the parameter. Hassan and Ahmad (2009) 
in (2). The Borel-Tanner distribution generalizes the Borel distribution. Let k be a positive integer. If x 1 , x 2 ,…, x k are independent and each has Borel distribution with parameter θ, then their sum w = x 1 + x 2 +…+ x k is said to have the Borel-Tanner distribution with parameters θ and k. This gives the distribution of the total number of individuals in a Poisson-Galton-Watson process starting with k individuals in the first generation, or of the time taken for an M/D/1 queue to empty starting with k jobs in the queue. The case k = 1 is simply the Borel distribution above.
Here, the M/D/1 queue represents the queue length in a system having a single server, where arrivals are determined by a Poisson process and job service times are fixed (deterministic). An extension of this model with more than one server is the M/D/c queue.
Size-Biased Borel Distribution
Size-biased distributions are a special case of the more general form known as weighted distributions. Weighted distributions have numerous applications in forestry and ecology.
Size-biased distributions were first introduced by Fisher (1934) to model ascertainment bias; weighted distributions were later formalized in a unifying TRIVEDI & PATEL 477 theory by Rao (1965) . Such distributions arise naturally in practice when observations from a sample are recorded with unequal probability, such as from probability proportional to size (PPS) designs. In short, if the random variable X has distribution f (x; θ), with unknown parameter θ, then the corresponding weighted distribution is of the form
where w(x) is a non-negative weight function such that E{w(x)} exists.
The size-biased Borel distribution is also derived from the size-biased MPSD as it is a particular case of the MPSD. A size-biased MPSD is obtained by taking the weight of MPSD (2) 
Misclassified Size-Biased Borel Distribution
A dependent variable which is a discrete response causes the estimated coefficients to be inconsistent in a probit or logit model when misclassification is present. By
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'misclassification' we mean that the response is reported or recorded in the wrong category; for example, a variable is recorded as a one when it should have the value zero. This mistake might easily happen in an interview setting where the respondent misunderstands the question or the interviewer simply checks the wrong box. Other data sources where the researcher suspects measurement error, such as historical data, certainly exist as well. It will be shown that, when a dependent variable is misclassified in a probit or logit setting, the resulting coefficients are biased and inconsistent.
Assume that some of the values (c + 1) are erroneously reported as c, and let the probabilities of these observation be α. Then the resulting distribution of the size-biased random variable X is called the misclassified size-biased distribution. Trivedi and Patel (2013) 
where S is the set of non-negative integers excluding integers c and c + 1, 0 ≤ α ≤ 1, 0 < θ < 1, and x = 1, 2, 3,…. The mean and variance of this distribution are obtained from the moments of misclassified size-biased MPSD given by Hassan and Ahmad (2009) 
In the equation (16), substituting α from the equation (15), we get an equation consisting only parameter θ, say g(θ) = 0. By solving this equation for θ using any iterative method, we get the solution, known as the MLE of θ. Using this MLE of θ in (15), we get the MLE of α.
Asymptotic Variance-Covariance Matrix of ML Estimators
The second order derivatives with respect to α and θ of the likelihood function L are obtained as below: 
Using the above equations, the asymptotic variance covariance matrix Σ of MLE is obtained from the inverse of the Fisher information matrix
Method of Moments
The mean and variance of the misclassified size-biased Borel distribution are The explicit form cannot be obtained for the moment estimators but, by the method of iteration, the solution for the equations may be obtained.
Asymptotic Variance-Covariance Matrix of Moment Estimators
Denote 1 μ by H 1 (θ, α) and 2 μ by H 2 (θ, α), i.e. 
Bayes Estimation
The ML method, as well as other classical approaches, is based only on the empirical information provided by the data. However, when there is some technical knowledge on the parameters of the distribution available, a Bayes procedure seems to be an attractive inferential method. The Bayes procedure is based on a posterior density, say π(α, θ | x), which is proportional to the product of the likelihood function L(α, θ | x) with a prior joint density, say g(α, θ), representing the uncertainty on the parameters values. Assume before the observations were made knowledge about the parameters α and θ was vague. Consequently, the non-informative vague prior π 1 (α) = g 1 (α) = 1 is applicable to a good approximation. 
Simulation Study
One thousand random samples, each of size n, were generated by using Monte Carlo simulation with different choices of sample size n, θ, α, and value of c = 1 from the misclassified size-biased Borel distribution defined in equation (8). Using these different values of sample size n, θ, and α, we calculated the simulated risk (SR) and simulated bias of estimators α and θ by the method of MLE, method of moments, and Bayes estimation. The simulated results are shown in Tables 1 Table 1 and 2, it was found that the method of maximum likelihood estimator works better compared to the moment estimator and the Bayes estimator on the basis of SR. As sample size increases, SR of both parameters of all three methods decreases. For fixed misclassification error α, as θ increases, the SR of α and θ decreases in the case of maximum likelihood estimation, moment estimation method, and Bayes estimation. For fixed values of θ and sample size n, as α increases, there is not much difference in the SR of α as well as θ. At the same time, if these values were compared in context of sample size, observe that, for a fixed value of θ and as α increases, the SR of α and θ decreases in most of the cases with the increase in sample size. As sample size increases, the bias in α and θ decreases in the case of all the three methods.
